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Abstract 

Metabolic control analysis can relate control properties of an intact system to kinetic properties (elasticity 
coeffkients) of the enzymes within that system. The method formulating the former as matrix inverse of the latter is 
elaborated here for the general case and founded in standard metabolic control theory. Then a method is developed 
that accomplishes the reverse: it is shown that a matrix containing all elasticity coefficients and information 
concerning the pathway structure equals the inverse of a matrix cantainiag flux and concentration control 
coefficients. As a consequence, by measuring the control properties of an intact system, one is able to deduce its in 
situ pathway structure and enzyme kinetic properties: This solves the ever-present question of whether the kinetic 
properties of enzymes in their isolated state differ from those under the conditions prevailing in the cell. 

1. Introduction 

Metabolic control theory and the parallel con- 
trol analysis have helped to elucidate the distri- 
bution of flux and concentration control among 
enzymes in metabolic pathways [l]. First, they 
have led to operational definition of the extent to 
which an enzyme controls a flux or concentration, 
and to experimental determination of the corre- 
sponding control coefficients. Second, theorems 
have been derived and applied, such as the sum- 
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mation theorem stating that the sum of the flux 
control coefficients over all enzymes should 
amount to 1[2-51. And then, the theory has been 
implemented so as to uncover the basis for the 
control pattern observed in a metabolic pathway. 
Various methods were developed that express the 
control coefficients in terms of kinetic properties 
of the pathway enzymes, the so-called elasticity 
coefficients [6-111, cf. [12] for an evaluation. For 
a number of systems, experimentally observed 
distributions of control could indeed be ac- 
counted for in terms of experimentally deter- 
mined elasticity coefficients, e.g. [1,13,14]. Con- 
trol coefficients being properties of the system as 
a whole and elasticity coefficients relating to en- 

zyme kinetic properties, this amounted to under- 

standing properties of the system as a whole on 
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the basis of the properties of its elements. We 
shall call this approach forward control analysis. 

In biology it is also a challenge to investigate 
the properties of the elemental processes that are 
responsible for ccl1 metabolism, as they are in 
situ. It has been the great success of biochemistry 
and molecular biology to isolate cellular compo- 
nents and then study their properties, For en- 
zymes this amounts to the study of the kinetics of 
the purified enzymes. However, this endeavour 
often meets with the problem that, in order to 
obtain experimental access to the elemental pro- 
cesses, one must disrupt the cell. Consequently, it 
remains necessary to check whether the proper- 
ties measured for the isolated enzymes are the 
same as the properties of those enzymes in viva. 
Methods to determine the in viva properties of 
enzymes are scarce. 

e, at a rate ui) and m ( < r) internal metabolites, 
each present at a concentration XY For simplicity 
we shall consider the system to be “ideal” in the 
sense that channelling and enzyme-enzyme inter- 
action are absent. Systems with channelling can 
be dealt with analogously by combining the ap- 
proach developed here with the control analysis 
for channelled systems developed recently [19], 
cf. 1201. The rates and concentrations constitute 
vectors (column matrices) v (r X 1) and X (m X 

l), respectively. The stoichiometry (rn x r) matrix 
N defines how the processes affect the metabolite 
concentrations through: 

dX/dt = Nav. (1) 

In general, the rank of N may be smaller than 

Where the forward control analysis is able to 
deduce the (control) properties of the intact sys- 
tem from the properties of the individual en- 
zymes, it would seem that the aim of deriving 
properties of the intracellular processes from the 
control properties of the intact cellular system 
corresponds to some sort of reverse control analy- 
sis. Such a procedure would partly share the aims 
of a recent elaboration of metabolic design [15]. 

This paper elaborates this suggestion. It first 
generalizes an existing method of forward control 
analysis which writes a matrix of control coeffi- 
cients as the inverse of a square matrix containing 
the relevant enzyme properties, called elasticity 
coefficients [7,16-191. Then it shows how inver- 
sion of this equation accomplishes inverse control 
analysis, i.e. the calculation of in situ enzyme 
properties (eIasticity coefficients) on the basis of 
control coefficients referring to the control of 
fluxes and concentrations. As a bonus, the path- 
way structure can be obtained. The methods are 
illustrated by two examples. 

m. Then the concentrations of the metabolites 
are dependent on one another and N can be 
reduced to a maximum rank matrix by a link 
matrix L 191. Here we shall assume that such 
reduction has already been accomplished and that 
the concentrations X are linearly independent. 
The control over the steady-state properties of 
the system by the enzyme activities is given by the 
flux control matrix (b(r x r) and the concentra- 
tion control matrix r(m x r-1. The element in the 
ith row and the kth column of 4, ~ik, quantifies 
the control exerted by enzyme k on steady state 
rate ui, 

4ik = [(d In 1 ui I)/@ ln 1 ek I)]pys, 

where ek is the activity of enzyme k, often equal 
to enzyme concentration expressed in terms of 
turnover rate. The subscript sys refers to the 
differentiation conditions requiring that the sys- 
tem remains at steady state throughout the differ- 
entiation. Similarly, yjk quantifies the control ex- 
erted by enzyme k on the steady state concentra- 
tion of metabolite j, 

Yjk = cz = [(d In 1 Xj I)/(d In I ek l)Iws- (3) 

2. Results These control properties are log-log derivatives. 

2.1. Definitions and established control theory 

Let us consider a system in which there are r 
processes (reactions, each catalyzed by an enzyme 

The properties of the individual enzymes that 
are relevant for control are the elasticity coeffi- 
cients, summarized in the (r x m) matrix E. Each 
is defined as the partial log-log derivative of a 
reaction rate with respect to one of the metabo- 
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lite concentrations, at constant magnitudes of the 
other metabolite concentrations, 

Ekj = eX~ ““=[(a h bki)/(a 'n[xj])],,,. (4) 

Summarizing preceding metabolic control the- 
ory, Reder [9] has shown that the control coeffi- 
cients can be expressed in terms of the non-nor- 
malized elasticity coefficients by: 

r= -(N*D)pinN (9 

and 

@=I,+D*I. (6) 

@ and r represent the non-normalized flux 
and concentration control coefficients, respec- 
tively (the analogues of + and y, respectively). D 
is the matrix of non-normalized elasticity coeffi- 
cients (the analogue of E). I, is the I x T identity 
matrix. 

Although this is not essential we shall formu- 
late this paper in terms of the normalized control 
coefficients. Accordingly we reformulate Eqs. (5) 
and (6) as, 

y= -(n*e)-l-n (7) 

and 

+=1,tc*y. (8) 

Here the following transformation equations 
were used: 

$=v;l+vd, (9) 

~=x~l.r.v& (10) 

E=@D*X~, (11) 

n=N*v,, (12) 

where vd (r X r> and Xd (m X m> are diagonal 
matrices containing the steady-state rates and 
concentrations. The summation theorems can be 
readily derived from these equations, 

Y’K=o, (13) 

+*K=K, (14) 

where K is an [r X (r - m)] matrix consisting of 
any set of r - m linearly independent vectors out 
of the Kernel of n, i.e. 

n*K=O. (15) 

A well known such vector is the column of T 
l’s, leading to the best known summation theo- 
rem for fluz (Eq. (14)) and concentration (Eq. 
(13)) control coefficients. Similarly the connectiv- 
ity theorems are derived from Eqs. (7) and (8) 

y* -r=I 

9. +()Y’ 

(16) 

(17) 

For sample pathways, Sauro et al., Cascante et 
al. and Westerhoff and Kell [6,7,16-18,211 have 
proven that normalized control coefficients can 
be expressed into the elasticity coefficients using 
the matrix equation 

C-E= I,. (18) 

Matrix C (r X r) contains both the m X r con- 
centration control coefficients and a subset of 
(r -m) X r flux control coefficients. Matrix E 
(r X r) contains r X (r -172) elasticity coefficients 
and information related to the networking of the 
system. Now we shall prove Eq. (18) and provide 
systematic ways of formulating C and E for the 
general case. This will be necessary in order to 
derive inverse control analysis. 

2.2. Forward control analysis: the square matrix 
method for relating control coefsicients to elasticity 
coefficients and pathway structure; the general case 

If only Eq. (14) read that the product + -K 

equalled an (r - m) x (r - m) identity matrix, 
rather than the r X (r -m) matrix K, Eqs. (13), 
(14) and (15), (17) could be arranged into the 
form of Eq. (18). Consequently, our task is to find 
a transformed matrix K’ and a transformed ma- 
trix +‘, such that 

+’ . K’ = 1 r-m’ (19) 

If S is an arbitrary (r - m> X r matrix of rank 
r - m, then +’ and K’ defined by the following 
equations fulfil this requirement: 

gr= s*+ (20) 

and 

K”K.(S.K)-I. (21) 
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Importantly, these 4’ and K’ also satisfy Eqs. 
(13), (15) and 071, 

y’Kr=y’K’(S’K)-l=~‘(S’K)-l=O. (22) 

+‘a --a=S.+. --(=(), 

II*K’=II~K-(S.K)-‘=O. 

It may be noted that 

(23) 

(24) 

S s (K’)tcft tiverse (25) 

is the left-inverse matrix of K’, i.e. the product of 
S and K’ equals the r-m identity matrix. 

A special set of possible choices for matrix S is 
that of the (r - m) X r left-inverse of matrix K 

itself. Then K equals K’ and 0’ equals the left 
inverse of K times 4. 

MatriX heft inverse may be obtained by the aIgo- 
rithm more generally used for obtaining a matrix 
inverse, i.e. by (i) joining an r X r identity matrix 
to the left of K, which produces matrix A,x~z,_m~ 

= {I,1 K rxcr_mJ, (ii) linearly recombining rows 
until at the (r-m)~(r-m) upper right-hand 
quadrant of the matrix A the identity matrix ap- 
pears, (iii) taking the (r - m> x r left-hand upper 
part of the resulting matrix as K,~~ inverse. lihxna- 

tively, one may add independent columns to the 
right-hand side of K, with only O’s in the upper 
r-m rows, until the resulting matrix becomes 
square (r X r), invert the result, and use the up- 
per left, (r - m) X r, part of that inverse for ma- 
trix A. A third method renumbers the rows of K 

in such a manner that the first r -m rows are 
independent. The upper r - m by r - m upper- 
most part of the resulting matrix is then inverted 
and m columns of zeros are juxtaposed on the 
right-hand side. The result is a left inverse of K. 

Here the general matrix algebra property is used 
that 

(26) 

when P, Q, R, and S are arbitrary matrices of 
appropriate dimensions. 

If the total product is the identity matrix and 
P, Q, R, S are dimensioned appropriately, then 
all the sub products will be identity and null 
matrices, and vice versa. 

Eq. (26) allows us to reformulate Fqs. (13), 

(191, (22), and (231, as Eq. (181, with the following 
definitions for the control and elasticity matrices 
C (r X r) and E (r X r), respectively: 

c= ;’ I I (27) 

and 

E=(K’~-•Q), (2) 

i.e. the upper r - m rows of C are equal to matrix 
$‘, whereas the lower m rows are equal to matrix 
y, and the left-hand r-m columns of E are 
equal to K’, whereas the subsequent m columns 
are equal to minus the matrix of elasticity coeffi- 
cients. Matrix C contains the control coefficients, 
hence the systemic information about the system. 
Matrix E contains the relevant kinetic informa- 
tion of the enzymes in the system plus (in its 
submatrix K’) the information on how the en- 
zymes are networked in the system. 

2.3. The relationship between the matrix of jlux 
control coefficients and the matrix K’ 

There is a relationship between the fluxes of 
which the controls are addressed in matrix 4’ 
and the columns in matrix K’. Matrix S = 
wieft inverse maps the logarithms of the steady state 
reaction rates lnlvl =(lnIv,llnIu,I ...lnlv,l)T 
to the logarithms of independent steady state 
fluxes InlJl =(InIJ, IlnIJ21...lnlJ,_, IjT: 
1nlJI =S*lnlvl. (29) 

For modulations around the steady state of 
interest, S is constant. Consequently, 

dlnlJl =S*dlnlvl =S-vi’-dv (30) 

Each of the r - m columns of K’ represents an 
independent vector of the Kernel of n (cf., Eq. 
(15)). This implies that each column represents 
one of a set of r - m independent steady-state 
fluxes through the system. This representation is 
such that the ith element of such a column repre- 
sents the fraction of ui that is contributed by that 
steady-state flus Ji: 

V=V,‘K’*h, (31) 

where A is a 1 X (r -m) matrix. If ~5 represents 
the jth column of K’, then we may consider a 
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change in enzyme activities parameterized by dhj, 
such that 

de = ed * K’ - lj - dAj, (32) 

where ed is the diagonal matrix of enzyme activi- 
ties. Ij is a column vector of zero’s except for a 1 
in the jth row. Such a change corresponds to an 
increase in the independent flux represented by 
column j, at constant magnitudes of the other 
independent fluxes us defi?zed by K’. Consequent 
to this change, steady state is maintained and the 
rates are increased by 

dv = v, . K’ - lj * dAj. (33) 

Using Eqs. (25) and (30) we find that the 
consequent change in steady-state flux Jj amounts 
to 

d In 1 Jj 1 = dhj, (34) 

whereas all other fluxes remained untouched. 
Clearly, the jth flux considered in the matrix of 
control coefficients (b’ (the jth row of $9 corre- 
sponds to the flux represented by the jth column 
of K’. 

We shall now consider a some possible choices 
for the independent fluxes considered in the con- 
trol analysis, i.e. some choices for J, K’ and 4’. 

2.4. Choices for the matrix K and for the jlux 
control coefficients considered 

The above assumes one knows a suitable ma- 
trix n. The SOk reqUirement for K iS that its 

columns be independent vectors in the Kernel of 
n. These can be found by writing an m x 1 col- 
umn vector (1, x, y, z, u, . . . , wJT and solving the 
r linear equations defined by n * (1, x, y, z, 
u,..., wjT = 0. There are many possible solu- 
tions, but r - m independent such solutions may 
be chosen, because all others are linear combina- 
tions of these solutions. These solutions are then 
written as column vectors and juxtaposed so as to 
yield the r X (r -m) matrix K. 

If one uses the left-inverse of this matrix K to 
obtain the matrix of flux control coefficients 
through Eqs. (20) and (251, one may end up with 

a rather arbitrary set of flux properties the con- 
trols of which are considered. The control prop- 
erties of all other flux properties can then be 
calculated subsequently. 

Once the arbitrary K is available, one may 
however select the flux properties of which one 
wishes to determine the control, formulate the 
corresponding matrix S, and then transform K to 
K’ following E!q. (21). 

There is a procedure for constructing a K that 
leads to flux control properties of immediate in- 
terest: it defines one of the fluxes into the system 
as the input flux, then identifies all other points 
of entry or exit, as (positive or negative, respec- 
tively) “exit” points. From the entry point a path- 
way is then drawn to each exit point and the rate 
at each exit point is equated to a corresponding 
flux. For each of the resulting fluxes, the path is 
traced back to the input.and at every enzyme the 
ratio between the flux and the local steady state 
rate is entered as the corresponding element of 
the column vector k. For p exit fluxes, one thus 
obtains p columns for k. If p equals r -m, this 
provides a matrix K of interest. Along the lines 
discussed above, the flux control coefficients de- 
fined by Eqs. (25) and (20) are those with respect 
to these exit fluxes. 

Fig. 1. Diagram of a simple metabolic pathway. Pathway flux 
I, branches into output flows J3 and J5. 
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For the example of Fig. 1, this procedure yields 
for K: 

u3/v, us/4 
\ 

WI %A 
K= 1 0. (35) 

0 1 
(0 1, 

Using the first of the three procedures sketched 
to obtain a left inverse for K, one possible such 
left inverse is: 

I 

"1 \ 

- 0 0 0-2 
v3 03 

Kleft inverse = 

,* “1 -to O,. % 

(36) 

Using Eqs. (20) and (29, this leads to the 
following form for $‘: 

Clearly the two independent flux properties 
considered (I1 and J,) correspond to the steady- 
state rate through e3 and the steady-state rate 
through e,, respectively. 

If the number of fluxes connecting the system 
with its environment is smaller than 2 + r-m, 
there are independent fluxes internal to the sys- 
tem. These correspond to (or can be constructed 
so as to correspond to) cyclic fluxes. If these 
cyclic fluxes are not immediately obvious, one 
may start from the stoichiometry matrix n, in 
order to find independent fluxes: by Gaussian 
elimination one reduces n to the row echelon 
form. The r - m columns that do not correspond 
to elements at the right-hand end of a step of the 
echelon may be used to refer to independent 
fluxes. For the system of Fig. 1, n already has the 
echelon form, 

*1 -v.z 0 0 0 

o=o v* -vj -v,o 

0 0 0 vq -v, I 

. (38) 

Columns 2 and 4 of this matrix are not at the 
right-hand end of a step, suggesting to choose v2 

and uq as the independent flues. Because at 
steady state these fluxes are equal to v3 and u5 
respectively, this result corresponds to that ob- 
tained above and K may’ be constructed in the 
same manner. 

The flw control summation theorem is of great 
interest. The product 4’ - K for the matrices given 
by Eqs. (36) and (37) does not lead to summation 
theorems; for that K should contain a column of 
1’s. Indeed, the column vector consisting of all l’s 
is always part of the Kernel of n, precisely be- 
cause it is a steady-state solution if all reaction 
rates assume their steady-state value. For the 
system of Fig. 1 one may take a flux of magnitude 
vg running through enzymes 1, 2, and 3 as the 
second independent steady state flux, which leads 
to a formulation for K of: 

1 Wl \ 

1 wt 
K= 1 1 * 

1 0 
1 0 

A left inverse of this matrix is 

’ Vl 
0 

03 - -- 

us us 

020 
v3 

(39) 

0 0 

0 
Vl -- 

u3 

(40) 

Multiplication from the left with the matrix $ 
shows that +’ considers the control of J, = u5 
and J, = u3/vS, which is the flw ratio of the two 
effluxes. This is what should be expected; the two 
columns of K correspond to the following two 
independent fluxes: (1) a flux through all branches 
equal to u1 and distributing to vl, and u5 (closely 
corresponding to the steady state situation) and 
(2) a flux of magnitude v3 flowing through en- 
zyme 1, 2, and 3. Considering the two fluxes 
independently, implies that the former flux only 
affects u5 and not v3. The latter flux should not 
affect vl, hence merely redistribute the flux from 
us to vg. 

Inspecting Fig. 1, one may decide to be pri- 
marily interested in the control of the input flw 
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and in the control of the fraction of the input flux 
that exits the system through enzyme 3, i.e. in the 
flow ratio u&i. That is: 

where the flow ratio j, is defined by: 

j3 = J3/J,. (42) 

This implies that the matrix S should read: 

(43) 

Starting from the K of Eq. (39) (or from the k 
of Eq. (35)), Eq. (21) leads to: 

‘1 0 
1 0 

K’= 1 1 . 
1 - %/% 

(44) 

1 -@s/ 

3. Inverse control analysis: from control coeffi- 
cients to elasticity coefficients. 

3.1. The method 

Eq. (18) can be used to express the control 
coefficients into the elasticity coefficients, cf. 
[6,7,9,16-l&21,22]. The control theoretic equa- 
tions of Reder [9,23] offer the same possibility. 
Eq. (18) also has the inverse application, cf. [22], 
which is not immediately obtainable from the 
equations of Reder [9], i.e. that of calculating the 
elasticity coefficients from the control coeffi- 
cients, 

E = C-‘. (45) 

Because (above) the present paper provides a 
general proof for Eq. (181, it also proves Eq. (45). 
The implication is that one can calculate the in 
situ enzyme properties called elasticity coeffi- 
cients from the global properties which are the 
control coefficients through a single matrix inver- 
sion step. When the structure of the network, 
rather than its elasticity coefficients are of inter- 

est, one may apply Eq. (45) and obtain (cf. Eq. 
(28)) a Kernel of the stoichiometry matrix II. 

When the network structure of the system is 
known any of the methods used to find proper 
formulations for K’ and 4’ described above, may 
be used. Eq. (27) then leads to matrix C. Using 
Fig. 3, we now illustrate one method of formulat- 
ing a matrix C when the network structure of the 
system is not known. We assume that for the 
system one has identified all the independent 
metabolite concentration (-variables), all the en- 
zymes, as well as all the fluxes in which matter is 
exchanged between the system and its environ- 
ment. One now selects one flux as the input flux 
and normalizes all other exchange fluxes by this 
input flux. The first row of C then should contain 
the coefficients quantifying the controls exerted 
by the respective enzymes on this input flux. The 
second row contains the, control coefficients with 
respect to one of the normalized output fluxes. 
The subsequent rows contain the control coeffi- 
cients with respect to any of the other normalized 
exchange fluxes. This continues, until all but one 
exchange flux has been accommodated, Then the 
subsequent row contains all the control coeff- 
cients with respect to any of the metabolite con- 
centrations. Subsequent rows contain the control 
coefficients with respect to the other independent 
concentrations. The resulting matrix C should be 
square and nonsingular by virtue of the inde- 
pendence of the concentrations and fluxes. 

3.2. Examples 

As a first example we consider the pathway of 
Fig. 1. We suppose that the pathway structure is 
known and that, e.g., by way of genetic manipula- 
tion, the enzyme activities can be modulated and 
the consequent changes in fluxes 1, and J3, and 
in concentrations Xi, X, and X, can be mea- 
sured. Let the upper matrix in Fig. 2 contain the 
magnitudes of the control coefficients determined 
in this manner. Then the inverse of this matrix 
yields the elasticity coefficients, given as the lower 
matrix in Fig. 2. 

Our second example addresses the case where 
we are not so much interested in the elasticity 
coefficients, as we are in the pathway structure. 
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cg cg CB ca CB 062 0.15 0.05 0.17 0.0 

Cl] c& CL\ Q CA; -0.25 0.0 088 -0.51 00 

Ct: C:; c;: $4 c$ = 2 -0.78 -0.22 -0.85 0 

cgt cxz ez C$j c3 c$; 19 0.5 -.45 -1.7 -0.17 

c$ c$ c$j cT$ c$; 0.71 0.17 .02 03 -0 96 

1 0 4, -4, 4, 0.98 -0.01 0.19 0.00 0.00 

I 0 -E?!, -d, -?t, 1.09 -0.03 .0.78 0.49 -0.09 

I I -d, -d, -d,= 0.90 0.99 0.04 -0.22 0.04 

'3 
I 'Jj 42, -dz -ETt, 1.07 -0.25 -0.02 -0.38 0.07 

J3 1 -5 4 -c& 4, 1.07 -0.29 -0.01 0.05 -1.04 

Fig. 2. Example of inverse control analysis. It is supposed that 
the control coefficients quantifying the control by the five 
enzymes in the pathway of Fig. 1 on the flux J1 and on the 
flux ratio J3 /J1, as well as on the concentrations of the three 
metabolites X,, X,, and X,, have been measured and have 
the value indicated in the matrix of control coefficients. The 
second matrix was calculated by inverting this matrix of con- 
trol coefficients, C. In this manner the elasticity coefficients of 
the enzymes in the pathway can be calculated from the 
control properties. 

Fig. 3 illustrates this case: we have a black box of 
which we know that there is one entry flux and 
two exit fluxes and three variable metabolite con- 
centrations. In addition there are five enzymes 

Fig. 3. Diagram of a metabolic pathway of unknown structure. 
What is known is that there are three.fluxes related by one 
steady state relation (Jt = J3 t J,) by which the system ex- 
changes matter with the outside world, three independent 
metabolites (XI, X2, and X,) and five enzymes (c, through 

e& 

c;‘, CQ CQ c$ c$ 0.66 0 16 -0.09 0.25 003 

CL1 
C& C& C& c& -0.26 -0.06 092 Al54 a05 

C%/ c$j @ c$ ~$4 = 1.73 -0.82 0.47 -126 -0.13 

CX1 $2 $2 CXl 
c:; 1.98 049 

C$ 2; C; C$; 0.72 0.18 

-89 .I 44 -0.14 
e1 

C4 6.32 039 -0.96 

I ? -&A, ?I, *A, 0.94 0.00 0.20 0.00 0.00 

17 -d, 'Eiz -E$ 0.97 0.99 .wl 0.50 001 

I 7 -Ed, -E& d, = 0.98 0.99 0.00 -0.20 0.01 

1 ? _&j, -I$* .E)j3 0.99 -0.25 0.00 -0.40 0 IO 

I ? -d, -dl -d, 1.0Q -025 -000 0.w -1.00 

Fig. 4. Example of the use of inverse control analysis to 
determine the network structure of a metabolic network. Fig. 
3 indicates what is supposed to be known of the system: an 
entry flux J,, two exit fluxes J2 and J3 and the presence of 
three independent metabolites and five enzymes. The control 
coefficients can be measured and are assumed to have the 
values indicated in the matrix of control coefficients. What is 
unknown is how the enzymes are networked. The second 
column of the inverse of the matrix of control coefficients 
after rounding off reveals the networking: O,l,l,-0.25,-0.25, 
suggesting that the pathway branches after enzyme 1.20% of 
the flux leading to one branch and 80% to the other branch. 
It should be noted that this matrix differs from that in Fig. 2 
precisely in that second column, as does the network found 
here from that in Fig. 1 to which Fig. 2 applies. 

(five reading frames in the DNA). The question is 
how these enzymes are networked. Obviously, 
one possibility is the one given in Fig. 1. Let the 
values measured for the control coefficients 
amount to those given in Fig. 4. Then the inverse 
of the matrix is given by the lower matrix in Fig. 
4. The first two columns of this matrix contain K', 
a kernel of the normalized stoichiometry matrix. 
The structure of this K' proves that the pathway 
in the black box does not have the structure of 
Fig. 1, but instead branches after the first 
metabolite. 

4. Discussion 

In this paper the matrix inverse method [6,7,16] 
of metabolic control theory, which calculates the 
flux and concentration control coefficients in a 
single step by inverting the matrix of elasticity 
coefficients, has been generalized to pathways of 
arbitrary complexity. Neither an earlier general- 
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ization [17], nor the general control analysis 
method in terms of absolute control coefficients 
developed by Reder [9], resulted in the formula- 
tion of a control matrix equalling the simple 
inverse of an elasticity matrix. Hence, the latter 
methods were not directly suitable for the inverse 
approach. Cascante and co-workers [18] did gen- 
eralize the earlier method, without explicit proof 
of the general case however. The present linking 
of our method with the metabolic control theory 
(e.g., through Eqs. (5)-G!)) may help to further 
complete it. The parallel study by Acerenza [15] 
of “metabolic control design” has a similar aim 
and provides a different algorithm for performing 
“inverse” control analysis. It explicity treats sys- 
tems with moiety-conserved cycles and attempts 
to extrapolate from elasticity coefficients to rate 
equations and their kinetics constants. We find 
the nonmechanistic formulation of control theory 
in terms of Eq. (18) attractive, as it indicates that 
the systemic control coefficients are nothing but 
the inverse of the local enzyme properties (elas- 
ticity coefficients), be it that all elasticity coeffi- 
cients must be inverted simultaneously, in the 
context provided by the networking of the system 
(which defines the K’ part of the matrix E). 

By contrast, the forward control analysis 
method as generalized here, does formulate that 
the matrix of control coefficients is the matrix 
inverse of the matrix of elasticity coefficients and 
is hence directly amenable to inverse application. 
This paper uses the traditional matrices out of 
the forward control analysis method [6,7] and 
obtains elasticity coefficients and network infor- 
mation from concentration and control coeffi- 
cients. 

On purpose, our method of constructing the 
control matrix C for the cases where the system’s 
network structure is unknown, treats the system 
as a black box; it only addresses exchange fluxes 
with the system’s environment and control coeffi- 
cients thereupon. In some cases the number of 
external fluxes minus 1 will equal the number of 
independent fluxes in the black box. Then it will 
be sufficient to measure the external fluxes in 
addition to the internal metabolite concentra- 
tions, for inverse control analysis to be carried 
out. In other cases, 1 plus the number of reac- 

tions minus the number of independent metaho- 
lites exceeds the number of external fluxes. Then 
the system harbours parallel or cyclic fluxes 
(where the former may be formally reduced to 
the latter). Above we have indicated how the 
independent fluxes could be identified in such a 
case, If the independent cyclic flux can be mea- 
sured (e.g., because it is coupled to another out- 
put chemical reaction; many cycles are coupled to 
net ATP hydrolysis), matrix C can still be formu- 
lated and inoerse control analysis applied. 

A simple example is where there are two en- 
zymes catalysing the same reaction in the system 
converting metabolite X to metabolite Y. When 
the cyclic flux cannot be measured, these two 
enzymes may be treated as a unit, and inverse 
control analysis may still be applied provided that 
the two enzymes are identified. Such identifica- 
tion is possible because all control coefficients of 
the two enzymes should be interdependent; their 
ratio should amount to the ratio of the two reac- 
tion rates. 

A more complex case is that where the reac- 
tion from X to Y may have a metabolite Z as an 
intermediate in one of the two branches. In case 
this metabolite does not have elasticities with 
respect to any other reaction in the system than 
for the two reactions it is a substrate and a 
product of in this branch, the metabolite and the 
three enzymes involved can still be identified 
(again because their control coefficients except 
with respect to metabolite Z are dependent; which 
then identifies this metabolite). Subsequently, this 
three enzyme subsystem may be treated as a 
module [24-261. 

The actual application of the method devel- 
oped here requires the determination of the con- 
trol coefficients of all concentrations by all en- 
zymes. Such a determination could be performed 
by genetic manipulation of the enzymes [27-321 
and measurements of the resulting intracellular 
metabolite concentrations. We note that, al- 
though the latter may involve disruption of the 
cell, it may be achieved by an immediate quench- 
ing method. Then, the method developed here 
allows the measurement of the elasticity coeffi- 
cients of the enzymes in situ, in contrast to mea- 
suring the enzyme kinetic properties of the puri- 



282 H.K Westerhoffet al. /Biophysicul Chemistry 50 (1994) 273-283 

fied enzymes, or of enzymes in permeabilized 
cells. Of course, this method is similar in some 
aspects to other methods which measure input 
and output flows and metabolite concentrations. 

In practice, the measurement of all metabolite 
concentrations and the manipulation of all en- 
zymes is not required: First, there are usually 
“remote” parts of metabolism that do not control 
the metabolism of interest [33]. Second, 
metabolism may be split up into a limited number 
of modules and control can be analyzed in terms 
of the control in and between these [24,26,34]. 
Also, the method developed here may be appiied 
to smaller metabolic networks, which are of inter- 
est of their own. 

We here elaborated inverse control analysis on 
the basis of the standard version of metabolic 
control analysis, which is applicable to “ideal” 
systems. Here “ideal” systems are defined as 
those in which channelling is absent, there is no 
regulated gene expression and moiety conserved 
concentrations far exceed enzyme concentrations. 
However, inverse control analysis should be 
equally applicable to the more complex system, 
especially after combination with the appropriate 
extended metabolic control analysis for such 
channelling [19], group-transfer pathways [20] and 
regulated gene expression [35,36]. Combination 
to recent work on the topic of regulation [36,37] 
should then also allow inverse analysis of 
metabolic regulation to these more complex sys- 
tems. 

As noted earlier [21,38-401, metabolic control 
analysis and especially the inuerse control analysis 
developed here, should be of use to the biotech- 
nologist. It is a rational method for devising the 
enzyme and network properties one should engi- 
neer into a microorganism in order to bestow it 
with the desired control properties; after formu- 
lating the desired control properties, one only has 
to invert the matrix of control coefficients to 
obtain the network structure and enzyme kinetic 
properties necessary to obtain the desired control 
structure. Especially for the second generation 
engineered organisms, which should not just pro- 
duce much of the desired product, but should 
also be amenable to regulation of its rate of 
production, this should be important. 
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